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Abstract 

We explore a family of invariants obtained from linking numbers. This 
is a family of Kauffman finite type invariants. 

1 Introduction 



i-G ' Given a virtual knot K smoothing a crossing vertically (as shown in Figure [1} 

C^ , results in a 2 component link L. We compute the linking number of the link 




> 

r — I Figure 1: Vertical Smoothing 

L by summing the sign of the crossings that involve edges from two different 
I — [ , components. For classical knots, the linking number is always divisible by two. 

f^ ' In the virtual case, this does not occur and we obtain linking numbers that are 

^D , congruent to both zero and one mod two. This allows us to compute a new type 

of invariant that can be computed directly from either the Gauss code or signed 
chord diagrams, and is a Kauffman finite type invariant of virtual links and 
knots. This invariant is related to the invariants of Henrich [3] and Manturov 

DP, 0. 

C^ ' Recall that a virtual link diagram is a decorated immersion of n copies of S^ 

into the plane that contains two types of crossings, classical crossings (indicated 
by over-under markings) and virtual crossings (indicated by a solid encircled 
X). Two virtual link diagrams are said to be equivalent if they are related 
by a sequence of classical and virtual Reidemeister moves. These moves are 
illustrated in Figures [5] and |31 In this paper, virtual knots and virtual knot 
diagrams will simply be referred to as knot and knot diagrams for convenience. 
Let K denote a virtual knot diagram and let c denote a crossing of K. We 
denote the sign of the crossing as sgn{c) and the sign of the crossing is evaluated 
as shown in Figure 2) The writhe of a virtual knot K, w{K), is defined to be: 

w{k) = ^ sgn{c). 

cGK 




Figure 2: Classical Rcidemcistcr move 




Figure 3: Virtual Reidemeister move 



Figure 4: Crossing sign 

Fix an orientation of the virtual knot K and a choose a crossing c. Let Kc 
denote the two component link diagram (with an inherited orientation) obtained 
by smoothing the crossing c vertically. Let Ki denote the «*'' component of Kc 
and let Ki n K2 denote the set of crossings in Kc that contain one strand from 
each component. We define L{Kc) to be a linking number of the two components 
where 

L{Kc) = V sgn(Kc). 
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Further, let L{Kc) = L{Kc) mod 2. 

Remark 1.1. The classical definition of linking number either divides Lc by two 
or sums over crossings where Ki is the overcrossing and K2 is the undercrossing 
or vice versa. 



We define ^{K) to be a sum over all crossings in K: 



(1) 



Note that for any virtual knot diagram K , ^{K) has the form a + bt where 
a,b € Z. That is, j{K) is an element of a free left Z module over the set 1, t. 
We define 7 (if): 

j{K) ^ j{K)mod2. (2) 



Theorem 1.1 (Invariance). The sums '){K) and ^{K) are invariant under all 
classical and virtual Reidemeister moves except Reidemeister move I. 

Proof: We use chord diagrams to show the invariance oi'y{K). An introduc- 
tion to chord diagrams can be found in j3]. We note that jiK) is not invariant 
under the Reidemeister I move. The introduction of a single Reidemeister I type 
twist is indicated on a chord diagram by an isolated chord. Smoothing along an 
isolated chord produces an unlinked two component link diagram, contributing 
±1 to the sum, as shown in Figure [SJ 




Figure 5: Reidemeister I move 

A Reidemeister II move in a knot diagram introduces two crossings with 
opposite sign. 




- edge smoothed, L+1 
■^ + edge smoothed, L-1 
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L* - edge smoothed, L 
^ + edge smoothed, L 



Figure 6: Reidemeister II move 



The two possible chord diagrams obtained after the introduction of a Rei- 
demeister II move are shown in Figure [SI To obtain the chord diagram corre- 
sponding to the removal of a Reidemeister II move, simply remove the pair of 
chords. In the first type of Reidemeister II move (shown at the top of Figure [S]) 
smoothing vertically along the negative edge results in a link (Kn) with linking 
number L + l and smoothing along the positive edge results in a link (K^) with 
linking number L — 1. Hence 



Now 



L{Kr,) = L{K+). 



-f{K)=J2t'^^^^hgn{c) 



and 






In the second type of Reidemeister II move (shown at the bottom of Figure 
[6]), smoothing along the positive and negative edges produces hnks with Unking 
number L. Because the edges have opposite sign, these contributions cancel out 
in the sum "f{K). 

There are two sets of chord diagrams of the Reidemeister III moves, based 
on the directionality of the edges. We will refer to these sets as type 1 and 
type 2, Figures [7] and [8] respectively. In these diagrams, numbers are used 
to distinguish individual chords while letters indicate (possible) arrangements 
of endpoints of chords. On the left hand side of Figure [71 we show the chord 
diagrams corresponding to both sides of a Reidemeister III move, type 1. On the 
right hand side, we show schematics of the chords diagrams of the links obtained 
by vertically smoothing each of the three crossings involved in a Reidemeister 
III move. 




edge 1 smoothed 
edge 2 smoothed 
edge 3 smoothed 

edge 1 smoothed 



(^iry\\r ^h edge 2 smoothed 



edge 3 smoothed 



Figure 7: Reidemeister III move, type I 




h^ y2 edge 1 smoothed 
edge 2 smoothed 
edge 3 smoothed 



b 



3 edge 1 smoothed 

I ) b edge 2 smoothed 

edge 3 smoothed 

Figure 8: Reidemeister III move, type 2 
For a vertical smoothing of edge i, that the linking number of the resul- 



tant links (although the links themselves may not be equivalent) are equivalent 
modulo two. As a result, both result in the same contribution to "i{K). The 
same argument applies to the second type of Reidemeister III move as shown 
in Figure [51 As a result, ^{K) and "f{K) are both invariant under the classical 
and virtual Reidemeister moves. i 

We immediately realize the following propositions. 

Proposition 1.2. For a virtual knot K , ^{K) = a + {2k)t where a and k are 
integers. 

Proof: Let K he & virtual knot diagram and Ck denote a chord diagram 
corresponding to K. The invariant ^{K) counts, up to sign, the number of 
chords that are intersected by an even number of chords and the number of 
chords that are intersected by an odd number of chords. The simplest chord 
diagram contains zero chords and has even chord and odd chords. A diagram 
with 1 chord contains 1 even chord and odd chords. We assume that a diagram 
with n chords has an even number of odd chords, denoted by kg- Let k^ denote 
the number of even chords. Suppose that we introduce a single new chord to 
the diagram. We have four cases based on the parity of the number of even and 
odd chords intersected. 

Case 1: The new chord intersects both an even number of odd and even 
chords, denoted 2o and 2e. We note that the new chord is an even chord. Now: 

fco — ^ fco + 2e — 2o 
Ale -^ fee - 2e + 2o + 1 

As result, the total number of odd chords has changed by an even number. 

Case 2: The new chord intersects an even number of odd chords and an 
odd number even chords, denoted 2o and 2e + 1. We note that the new chord 
is an odd chord. Now: 

ko ^ ko-2o+ (2e + 1) + 1 
fee ^> fee + 2o - (2e + 1) 

The total number of odd chords has changed by an even number. 

Case 3: The new chord intersects an odd number of odd chords and an 
even number of even chords. This also changes the total number of odd chords 
by an even number. The computation is analogous. 

Case 4: The new chord intersects an odd number of odd chords and an 
odd number of even chords. The total number of chords changes by an even 
number. I 

Proposition 1.3. For a virtual knot K , 'y{K)t=i is the writhe. In particular, 
for a classical knot diagram, ^{K) = w{K). 

Proof: Clear, i 

Proposition 1.4. Let K denote a virtual knot diagram with a positive crossing 
I. Let K' denote a virtual knot diagram where the crossing I is switched to a 
negative crossing. Then j{K) — j(K') = ±2t^'-^'-' and '^{K) — ^{K') = 0. 



Proof: Let K denote a knot diagram with a positive crossing I. Let K' 
denote a knot diagram where the crossing I is switched to a negative crossing. 
For any crossing c except /, the smoothed diagrams Kc and K'^ will differ only at 
the crossing I. If the crossing / does not involve both componnents then it is clear 
that L{Kc) = L{K'^). However, if the crossing I does involve both components 
of the smoothing link diagram then L{Kc) = m + I and L{K'^) = m — 1 for 
some m ^ T.. Hence, L(Kc) ~ L{K'^). If the crossing I is smoothed then 



Then 





7{K) 


c&K 


^"hgnic) 




= tHKL) . 




t^^^-hgn{c). 


Similarly: 










l{K') 


ceK' 


'^^'"^ sgn{c) 




= _ii(^l) 


+ ^ 


t^^'^'-^hgn{c) 






ce.R'Vc^^; 


Combining equations 


i [3] and [5l we 


1 obtain 






l{K) 


-7{K')-- 


= 2t^(^^) 


and 









(3) 
(4) 

(5) 
(6) 



^{K) - 7(ir') = 0.1 

Corollary 1.5. Let K denote a virtual knot diagram with a positive crossing 
I. Let K' denote a virtual knot diagram where the crossing I is switched to a 
negative crossing. Then "f{K) + 7(i^') = modulo 8. 

Let S denote a subset of the classical crossings in the virtual knot diagram 
D. Let Ds denote the diagram obtained by switching the set of crossings in 
S. Let \S\ denote the cardinality of S. Recall that a finite type invariant v 
has degree n if for \S\ = n then v{D) = {—\)^S\v{Ds) Q\. By this definition, 
proposition 11.41 shows that ^{K) is a Kauffman finite type invariant of degree 
one [3] g]. 

2 Extending the invariant 

We can extend 7 to form a sequence of invariants by smoothing pairs of crossings 
and summing the knot diagrams obtained in this manner. A chord has odd 
parity (denoted by a • in diagrams) if an odd number of chords intersect the 
chord. Otherwise, a chord has even parity (denoted by a o in diagrams). Parity 



is invariant under the classical and virtual Reidemeister moves. (Note that this 
is the parity defined by Manturov in [5].) Let p denote a pair of intersecting 
chords with opposite parity and let P denote the set of all interesecting chords 
with opposite parity. The virtual knot diagram obtained by smoothing the 
crossings in the diagram that correspond to the pair of chords is Kp. We define 
<^{K), a formal sum of diagrams obtained by smoothing the original diagram 
along selected pairs of crossings. We select pairs of crossings that correspond to 
intersecting chords with opposite parity. 

pGP 

We now define 72 (-ft^) — 'y{t'^(:{K))mod 2. 

Remark 2.1. For each diagram Kp, we obtain a polynomial of the form a + bt 
for a,b £ Z. The evaluation of j{t'^<;{K)) is ^ri^pt^j{Kp). This becomes 
^ gpi^(ap + bpt). We consider this sum mod 2 in order to obtain invariance 
under the Reidemeister moves. Unfortunately, since bp is always even, 72 (-?'') 
is either or t^. 

We prove that 72 is invariant under the classical and virtual Reidemeister 
moves. 

Theorem 2.1. For a virtual knot diagram K, j2{K) is invariant under the 
Reidemeister moves. 

Proof: Let i^ be a virtual knot diagram and let C{K) represent the corre- 
sponding chord diagram. In the chord diagrams for this proof, we observe the 
following conventions. Ennumerated, signed edges represent the chords corre- 
sponding to the crossings involved in the studied moves. The labeled edge g 
represents a generic edge that intersects the ennumerated edges. The letters 
a, b, c, d, e represent sequences of chord endpoints and are used to calculate and 
compare ^{K) from different chord diagrams. 

Note that a crossing introduced by a Reidemeister I move has even parity. 
The edge is isolated and does not intersect any edges. Hence, it does not con- 
tribute to <,{K). (Notice that if K is the unknot with a single twist, <,{K) is the 
empty sum and 72 (^) = 0.) 

We now consider the Reidemeister II move. A Reidemeister II move intro- 
duces two oppositely signed crossings. In a chord diagram, these crossings are 
represented as a pair of edges with the same parity. Without loss of generality 
we will assume that the crossings have even parity as shown in Figure [S] In the 
diagram, the edges 1 and 2 represent the crossings involved in the Reidemeister 
II. An edge g with opposite parity will either intersect both 1 and 2 or intersect 
either. The smoothing pairs (1,5) and (2,(7) both contribute to the sum <,{K). 
Note that ^{K^^i^g^) = 7(^^(2. g)) for a net contribution of zero to 72 (-f^). 

For the second type of Reidemeister II move, we obtain an analogous pair 
of diagrams. 
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• g 



O o 




• g 





Figure 9: Reidemeistcr II move 



We consider the Reidemeister III move. There are two sets of chord diagrams 
corresponding to the Reidemeister III move and two cases for the parity of 
the chords involved. We first consider the case where ah three chords in the 
Reidemeister III move has the same parity. Without foss of generahty, we let 
all three chords have even parity. In the computation of <?(-f^), we do not obtain 
any diagrams from pairs of chords in the Reidemeister III move. A contribution 
to <;(A') would involve one chord from the Reidemeister III move and a chord 
of different parity that intersects the Reidmeister III move chords. 

In Figure [TOl we examine a type 1 Reidmeister move where all three chords 
have even parity. We consider the chord g as shown in Figure 1101 The chord 
diarams obtained by smoothing the pairs {l,g) and (2, g) contribute to <;. We 
observe that ^{Kf^ig)) = ^{K',^ ^). We observe that in the case of other smooth- 
ing pairs, the Reideister III move remains intact. 

In Figures [TT] and [T^l we consider the Reidemeister move III, type 2 where 
all chords have even parity. There are two potential ways for a chord g with 
opposite parity to intersect the Reidemeister III move. 

In Figures [131 HH and [TSl we consider the Reidemeister III move where 
the chords have differing parity. The most interesting case is shown in Figure 
1131 From K, we obtain two diagrams K112) a-nd -^^(2,3) which differ only by 
a Reidemeister I move. Note that 7(-ft'(i,2)) = 7(^(2.3) )i and as a result these 
terms cancel out in 72. From K' , we obtain no diagrams resulting in the same 
net contribution to 72. 

In Figure [14] and [151 we examine the cases obtained from a type 2 Reide- 
meister III moves where the edges have different parity. 

We observe that the net contributions are equivalent and 72 is invariant 
under the classical and virtual Reidemeister moves. I 



2 1 



Smoothings J^ 





^(2,g) 



(l.g) "(2,g) 

Figure 10: Reidemcister III move, type 1 




Proposition 2.2. The invariant 72 is a finite type invariant of degree one. 

Proof: We consider the knot diagrams K and K' which are related by 
switching exactly one crossing, say s. To compute <r, we expand pairs of crossings 
with opposite parity. If these pairs contain s, we denote the diagrams obtained 
from K and K' as Kp. and K' respectively. Note that Kp. and K' are the 
same diagram, so that jiKp.) = j(K' ). If the pair does not contain s, we 
denote the diagrams obtained from K and K' as Kg. and K' respectively. 
Note that Kg. and K' differ by exactly one crossing. Now by Proposition 11.41 
j{Kp.) — j{K' ) = modulo two. Hence 72 (^) — 72(^0 = and 72 is finite 
type invariant of degree one.l 



3 Examples 

We compute a variety of examples of the invariants 7 and 7„ in this section. 

3.1 Trefoil 

The trefoil shown in Figure [16] has writhe —3. We observe that '^{K) = - 
which is equivalent to the writhe. 
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Smooth! ngs 





(i,g) 



Smoothini 





^(2,g) 



(l>g) "(2,g) 

Figure 11: Rcidcmcister III move, type 2 




3.2 Virtual Trefoil 

The virtual trefoil, with writhe —2 is shown in Figure 1171 The value of the 7 
invariant is — 2t and 7(-R')|f=i ~ —2. 

3.3 Miyazawa's Knot 

In Figure HH] is Miyazawa's knot and ^(K) = 2 + 2t. 

3.4 A knot with -f{K) = 2k + 3 + {2n + 2)t 

For the diagram shown in Figure [191 complete the labeled tangles with 2A: + 1 
and 2n positive twists, respectively. This produces a virtual knot diagram with 
-f{K) = {2k + 3) + (2n + 2)t for n, fc > 0. 

3.5 Computing 72 

For the knot shown in Figure [20l the 7 invariant is 2 + 4t and the 72 is P . 

4 Conclusion 

The invariants 7 and 72 can be extended by taking additional characteristics 
of the chord diagram into consideration. We can extend the invariants by ei- 
ther enhancing the parity or considering formal sums of diagrams obtained by 
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2 1 





(2,g) 



Smoothings 





(2,g) '"(3,g) 

Figure 12: Rcidcnicister III move, type 2, case 2 




smoothing pairs of crossings. To chance parity, we could consider over/under 
markings that are usually indicated on the chord diagrams by the presence of 
arrowheads at one end of the chord. Counting the chord intersections using the 
arrowheads to mark orientations will augment L{Kc). In the second case, it 
may be possible to extend 7 by smoothing particular quadruples of crossings. 
These ideas will be investigated in future work. 
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2 1 




Smoothings 




(1,2) 




'(2,3) 



Smoothings 



-^ None using edges 1,2, or 3 



Figure 13: Reidemeister III move, type 1, edges with different parity 
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(2,g) 



Smoothings 




(2,g) 



Figure 14: Reidemeister III move, type2, edges with different parity 
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2 1 



Smoothings ^ 




Figure 15: Rcidcnicistcr III move, type 2, case 2, edges with different parity 



Figure 16: Trefoil 



Figure 17: Virtual Trefoil 



Figure 18: Miyazawa's Knot 




Figure 19: Knot with -f{K) = {2k + 3) + (2n + 2)t 
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Figure 20: A knot with non-zero 72. 
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